Life is dependent on the income of energy with low entropy and the disposal of energy with high entropy. On Earth, the low-entropy energy is provided by solar radiation and the high-entropy energy is disposed as infrared radiation emitted into the cold space. Here we turn the situation around and assume cosmic background radiation as the low-entropy source of energy for a planet orbiting a black hole into which the high-entropy energy is disposed. We estimate the power that can be produced by thermodynamic processes on such a planet, with a particular interest in planets orbiting a fast rotating Kerr black hole as in the science fiction movie Interstellar. We also briefly discuss a reverse Dyson sphere absorbing cosmic background radiation from the outside and dumping waste energy to a black hole inside.
I. INTRODUCTION
Life on Earth is possible thanks to the hot Sun and the cold sky. Their temperature difference makes it possible to drive processes far from thermodynamic equilibrium by increasing the entropy elsewhere in the Universe. Absorbing photons from the Sun at ∼ 6000 K and emitting about 20 times more photons at ∼ 300 K to the cold sky makes the entropy balance sufficient to sustain complex processes in which entropy locally drops. As explained by Erwin Schrödinger in his book "What is life?", 1 organisms feed on negative entropy. The hot Sun and cold skies provide the Earth with a great deal of negative entropy: in this way, the Earth produces ∼ 5 × 10 14 J/K of entropy each second.
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Here we play with the idea of a world upside down: the sun is cold and skies are "hot". Let us imagine a planet orbiting a black hole in a universe filled with background radiation. The inhabitants accept low-entropy energy from the sky and dispose waste heat to the black hole. The protagonists of the recent movie Intersellar who want to colonize a planet orbiting a supermassive black hole Gargantua might find these results vital (for physical details of their trip and destination we recommend the book "The Science of Interstellar" 3 by Kip Thorne, the scientific consultant and an executive producer of the film).
Apart from the pedagogical value of simple thermodynamic exercises, these speculations might be relevant in the distant future when stars exhaust their nuclear fuel and die, and black holes may become dominant constituents of the entropy production processes. 4, 5 This kind of energetics might be useful until the expansion of the Universe cools the cosmic background radiation below the temperature of the black hole Hawking radiation. After that, the black hole becomes a net radiator and thus the nearby inhabitants might again live under a "hot" sun and cold sky. Recently, we discussed in this journal a mechanism of extracting mechanical work of radiating black holes; 6 however, the focus here is on the not so distant future. The considerations presented here can also be relevant for the discussion of the early stages of the Universe: recently Loeb 7 suggested that a habitable epoch occurred when the Universe was about 15 million years old and the background radiation had the temperature of 273-300 K, allowing for rocky planets with liquid water chemistry on their surfaces. This suggestion was covered by the Nature magazine 8 mentioning also some criticism pointing out that the cold sky is thermodynamically as important for life as the hot Sun. Although there is no doubt that some source of negative entropy is necessary for life, the question remains what could be the source. The black-hole sun is an option to be discussed here.
The paper is organized as follows: In Sec. II general formulas for converting the incoming background radiation energy into useful work are discussed, in Sec. III two special regimes for the solid angle of the incoming radiation-large and small are studied, in Sec. IV the results for anisotropic radiation due to fast orbiting close to the black hole are presented, in Sec. V a Dyson sphere encapsulating a black hole is considered, and in Sec. VI the conclusions are provided. Details of the computations of the temperature map of the sky for an observer orbiting a black hole are given in appendixes.
II. RADIATION HEAT EXCHANGE

A. Sky projection and etendue conservation
Let us assume that heat exchange of the planet can occur radiatively by surface S. The celestial sphere 9 is divided into two parts: one is "hot" at temperature T 1 and the other cold, for simplicity at temperature of absolute zero. The zero-temperature black hole is a good approximation if Hawking radiation 10,11 is negligible. Let the solid angles spanned by these two parts be Ω H and Ω C , with Ω H + Ω C = 4π. To allow for the most efficient thermal energy exchange of the planet with the sky, we assume the whole planet to be covered with light concentration systems that project the celestial sphere into its images. We assume the numerical aperture of these devices approaches 1, which means that each point of the image is uniformly illuminated from the 2π solid angle by rays coming from the corresponding point of the object (see Fig. 1 ). This means that each part of the image can interact as a Lambertian radiator with the corresponding part of the sky (the defining feature of the Lambertian radiator is that its surface has the same radiance when viewed from any angle). In this way, all rays coming from the hot part of the sky are projected to one part of the surface of the planet and rays from the cold part to another. Let us denote the areas of these surfaces S H and S C with S H + S C = S.
For the bundle of all possible rays going through some area of the system we can introduce a quantity called etendue (orétendue) which is equal to the area multiplied by the solid angle occupied by all the ray directions. Generally, etendue characterizes how the light is spread in area and angle, and being multiplied by radiance, it gives the radiation power. A general theorem of ray optics says that the etendue for propagating light cannot decrease (see, e.g., Ref. 12) . For a part of a beam propagating in directions within a solid angle δΩ across a surface element δA, the element of etendue is defined as δE = n 2 cos θδΩδA, where n is the refraction index of the medium and θ is the angle between the direction of propagation and the normal to δA. If the light propagates through non-absorbing non-scattering environment (such as through our idealized optical systems), the etendue is conserved. This is analogous to the phase-space conservation in conservative systems according to the Liouville theorem. For our scheme the consequence of etendue conservation is that
This means that the total surface of the planet can be divided in two parts S H and S C serving as the hot and cold terminals of heat engines, their proportion being equal to the proportion of the hot and cold parts of the sky. Without the idealization leading to Eq. (1), one would have to take into account the fact that the cold terminal also interacts with objects at higher temperature which would decrease the efficiency of work production. Let us note that in the photovoltaic industry one of the goals is the construction of light concentrators approaching the etendue limit (see, e.g., Ref. 13 ), so we assume that the advanced civilization inhabiting the planet under study has reached this goal.
B. Temperature optimization for given SH
and SC Let the surfaces of the heat exchangers S H and S C be at temperatures T H and T C and let them serve as heat exchangers for a heat engine. The task is to find such T H and T C that the power of the heat engine is maximized. The procedure is analogous to the power optimization of irreversible engines as first studied by Novikov 14 and later independently in this journal by Curzon and Ahlborn 15 (for more general considerations see, e.g., Ref. 16). Our case is different in the temperature dependence of the thermal energy exchange rate (∝ T 4 ), and also in having fixed the ratio of the exchanger surfaces S H /S C . Thermal energy received by S H from the hot part of the sky during a time interval ∆t is Q 1 = σS H (T 
between T H and T C follows from this assumption,
and the average power P = W/∆t can be expressed as
Assuming that S H , S C , and T 1 are fixed, one can find such T H that the power of the engine is maximized. Setting the derivative equal to zero, dP/dT H = 0, one finds that
where u solves the equation
in the interval 0 < u < 1, and
is the "hot" fraction of the sky. The resulting power is then
where qσST 4 1 is the total power of the incoming radiation, and
is the efficiency with which the incoming radiation can be converted into useful work. Even though Eq. (6) as a quartic equation has an explicit solution, we solve it numerically and the result is used to find the dependence of the working temperatures T H , T C and of the efficiency η on the hot-sky fraction q, as shown in Fig. 2 .
III. SPECIAL OPERATING REGIMES A. Small heating area
Assuming S H ≪ S C , or q ≪ 1, Eq. (6) yields u ≈ 3 −3/4 q 1/4 and the temperatures approach zero as
(see Fig. 2 ), and the efficiency η of the process approach 1 as
Rather than to a "standard" black hole, this limit corresponds to a distant star illuminating a planet in an otherwise empty universe (the relevance to a less conventional black hole situation will be discussed later in Sec. IV B). The results can be applied to estimate Earth's energy income from our Sun. In this case q ≈ 5.4 × 10 −6 and T 1 = 5778 K, which leads to working temperatures T H = 0.385 T 1 ≈ 2, 200 K and T C = 0.0239 T 1 ≈ 138 K, yielding the efficiency 92 %, and maximum available power P ≈ 1.603 × 10 17 W.
B. Large heating area
In the opposite limit S H → S, on solving Eq. (6) for 1 − q ≪ 1 we find
which leads to
Using these expressions in (8), we find the power of maximum work generation
As an illustration, let us assume a planet of the Earth's size orbiting a black hole whose angular size as seen from the planet equals to the angular size of Sun as seen from Earth. This gives q ≈ 1 − 5.4 × 10 −6 and η ≈ 5.7 × 10 −7 . Thus, S C ≈ 2, 760 km 2 , so that the planet would radiate its waste thermal energy from an area comparable to Rhode Island. If the background radiation is at room temperature T 1 = 300 K as in the 15 million years old universe assumed in Ref. 7 , then T C ≈ 225 K, i.e. about −48
• C. From Eq. (17) we find that useful work could then be obtained with power P max ≈ 130 GW. This is two orders of magnitude below the present world energy consumption, and six orders of magnitude below the power presently supplied to Earth by Sun. The background radiation of todays skies is two orders of magnitude colder at T 1 = 2.725 K, which results in even less available useful power P ≈ 910 W .
IV. CIRCULAR MOTION CLOSE TO THE BLACK HOLE
Since η increases with decreasing q, to get as much power as possible, we should place the orbit as close to the black hole as possible. However, things get complicated there: the observer moves fast and relativistic effects become important. The absorbed radiation is Doppler-shifted, as well as blue-shifted by falling to the black hole vicinity. The influence of the gravitational blue-shift on the cosmic background radiation for an observer close to the event horizon of the Schwarzschild (i.e., nonrotating) black hole was recently studied in Ref. 17 . Here we consider an observer located on the planet orbiting the black hole, both Schwarzschild and Kerr (i.e., rotating). As a result of the motion, the sky ceases to be isothermal: the radiation comes hotter from the direction where the observer moves and colder from the rear. To get the precise picture of the sky, computations outlined in Appendixes A and B have been applied; the results are in Figs. 3 and 4 . Having the temperature map of the sky, one can use segments of the sky with different temperature as heaters and apply another optimization to allocate to them various parts of the cooling area so as to get maximum power. • , where ∆φ ≡ φ − 150
• . The contour lines of constant temperature are shown, the number indicating relative temperature shift with respect to the temperature of background radiation measured by a distant observer. The light spot on the upper left shows the angular size of Neptune as seen from the Earth, for comparison (the shape is deformed due to different scales of θ and ∆φ).
A. Schwarzschild black hole
We first consider motion along a timelike circular geodesic around a static, spherically symmetric black hole of a mass M and Schwarzschild radius R S = 2GM/c 2 , where G = 6.67 × 10
is the gravitational constant and c = 3 × 10 8 m/s is the speed of light. Stable bound circular orbits of radius r exist for r ≥ 3R S = 6GM/c 2 (see, e.g., Refs. 18 and 19). In order to obtain the maximum power, the innermost stable circular orbit at r = 6GM/c 2 has been chosen. The resulting picture of the sky is in Fig. 3(a) . The shadow of the black hole covers 12.2 % of the sky, i.e., q = 0.878. If the temperature shifts were disregarded, Eqs. (6), (8) , and (9) would yield η ≈ 1.39 % and P max ≈ 0.012σST 4 1 . For an Earth-size planet and background radiation at T 1 = 2.725 K, this would be P max ≈ 19 MW.
However, fast motion around the black hole makes parts of the sky warmer which brings some advantage. As seen in Fig. 3(a) , the sky temperature is more than twice as large measured by the orbiting observer in the direction of motion compared to an observer at rest, far from the black hole (the maximum blue shift being 3/ √ 2 ≈ 2.12; see Appendix A for the derivation). Thus, the power available from this part of the sky can be more than 2 4 times larger than without the blue shift. However, the hottest part of the sky is relatively small and the rest of the sky is colder. To find the total available power, we have divided the hot sky into 30 segments of equal temperature-span intervals. Each segment then serves as a heater of a separate heat engine. Since the power of each engine also depends on the cold area used for dumping its waste energy, one has to find the optimum allocation of the cold area to the individual engines to obtain a and orbit at r = 2.2GM/c 2 as in Fig. 3(b) .
maximum total power. The result of the numerical optimization is shown in Fig. 5(a) . The white bars are the areas of the hot segments which are given as the input data. The black bars are the areas of the corresponding cold segments obtained as the result of the optimization procedure. As can be seen, the optimum allocation assumes absorbing radiation from the 14 hottest segments of blueshifts above 1.4. Colder parts of the "hot" sky are not worth using as hot reservoirs. The resulting power is then P max ≈ 0.126σST 4 1 , i.e., one order of magnitude larger than the above estimate based on disregarding the frequency shifts. For an Earth-size planet and background radiation at T 1 = 2.725 K, this would be P max ≈ 200 MW, i.e., still rather low for a comfortable life of more than a few small towns.
B. Fast rotating Kerr black hole
How can we come closer to the black hole so as to increase the cold sky proportion? We were inspired by the movie Interstellar where the characters come close to a fast-rotating giant black hole named Gargantua. Rotating black holes have stable circular orbits closer than 6GM/c 2 . For Gargantua, the rotation parameter a was extraordinarily large, a = 1 − 1.3 × 10 −14 , thus allowing the characters to enjoy extraordinarily strong relativistic effects close to the black hole. 3, 20 We have computed the results for two special cases of the orbit radius, r = 2.2GM/c 2 ( Fig. 3(b) and 5(b)) and r = 1.0000379GM/c 2 ( Fig. 3(c) and 4) . The latter case corresponds to the orbit of Miller's planet where the characters of Interstellar spend three hours while 21 years pass on their base station which is sufficiently distant from the reach of Gargantua's gravitational time shift.
We can see that the shadow of the black hole becomes deformed and covers a large part of the observer's sky, including the direction of motion of the planet. Nevertheless, the planet does not fall into the hole as it is dragged by its rotating gravitational field. The blue shift becomes much stronger, although in relatively small strips of the sky just above the shadow of the black hole in the direction of the planet motion. In the case of r = 2.2GM/c 2 the black hole covers 26 % of the sky and the maximum blue shift is 6.90. Upon using the same optimization procedure as in the preceding subsection, one finds the maximum attainable power to be P max ≈ 4.2σST 4 1 . For an Earth-size planet and background radiation at T 1 = 2.725 K this would be P max ≈ 6.7 GW, i.e., enough for a small country.
The case of Miller's planet with r = 1.0000379GM/c 2 leads to extreme blue shifts, reaching up to 275,000. The black hole covers 40 % of the sky and most of the radiation energy comes from a very narrow strip of a few arcseconds (see Fig. 4 ): our numerical results show that 99% of the energy comes from a strip of longitude span 2.3 ′′ and latitude span 5.8 ′′ . This size is comparable, e.g., to the angular size of the planet Neptune as seen from Earth, with angular diameter ≈ 2.2 ′′ . Thus, the good news is that Miller's planet enjoys small heating area regime (see Sec. III A), meaning that most of the incoming radiation energy can be converted into useful work. The bad news for the visiting astronauts is that it is too much energy: the incoming flux density (power per unit area perpendicular to the incoming radiation) is Φ ≈ 420 kW/m 2 , i.e., about 300 times bigger than the solar constant. This value can be used to find the equilibrium temperature of a planet radiating its energy as a black body, T = 4 Φ/(4σ) ≈ 890 • C. Thus, the tidal waves observed on the planet might be, e.g., of melted aluminum. Moreover, the astronauts would be grilled by extreme-UV radiation.
V. BLACK HOLE DYSON SPHERE
Rather than assuming a planet, one could imagine a spherical shell enclosing the black hole. In 1960, Freeman Dyson speculated about possible signatures of intelligent extraterrestrial life that would build a structure around a star to capture all of its power.
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The waste thermal energy would be emitted as in- frared radiation detectable by our observatories. We can turn this idea upside down: the inhabitants of the shell collect energy from the background radiation and send the waste thermal energy to the central black hole (see Fig. 6 ).
To explore the properties of such a scheme, we can use results of Sec. II B, however, we assume that the total area is not fixed, but variable -determined by the radius of the Dyson sphere R D . The sphere collects thermal energy from the outer area S H = 4πR 2 D . With respect to the cold area, the situation is now simpler than in Sec. II A since no light concentrators are necessary. The waste energy is radiated from the whole inner surface and the emitted photon either hits the black hole or is absorbed by another part of the inner surface. Thus, the waste energy is absorbed by the shadow of the black hole which for a distant observer looks as a sphere of radius ( √ 27/2)R S (see Ref. 22) . Therefore, S C = 108πG 2 M 2 /c 4 . The available power increases with increasing the Dyson sphere radius, but up to a limit given by the fixed area of the heat sink. To calculate the limiting power, we assume R D ≫ R S and apply the results of Subsection III B with S C /S H ≪ 1. In this case the limiting power follows from Eq. (17) As an illustration, we first assume a black hole with the mass of Sun M = 2 × 10 30 kg and temperature of the background radiation T 1 = 2.725 K: the limiting power is P max ≈ 250 W. A supermassive black hole of the size of ∼ 4 × 10 6 solar masses (e.g., the one in the center of our Galaxy) could give us P max ∼ 4 × 10 15 W, i.e., about 200 times our present world energy consumption (ignoring, however, the solar power harvested by the ecosystems). As the last example we consider the early Universe background radiation with T 1 ≈ 300 K and a black hole with the apparent radius equal to the radius of Sun, i.e., ( √ 27/2)R S ≈ 6.96 × 10 8 m. This would lead to P max ≈ 2.9 × 10 20 W, which is three orders of magnitude above the present solar energy income of Earth.
VI. CONCLUSION
For nonrotating black holes and the present temperature of the cosmic microwave background, the available power appears to be rather small for the living standards of our civilization. One might speculate of the distant future when hydrogen as the nuclear fuel for stars is exhausted and black holes together with background radiation become one of the few relevant sources of negative entropy. Nevertheless, with the accelerated expansion of the Universe the background radiation becomes colder so that even less power would be available. One might also speculate of hypothetical Earth-like planets orbiting primordial black holes in the early stages of the Universe filled with room-temperature background radiation. The available power budget becomes much more generous, however, one could hardly expect that organisms with necessary radiation-focusing equipment would stand a chance to evolve.
The situation is different for fast rotating Kerr black holes and planets on close orbits: gravitational and Doppler shifts change the temperature map of the sky to allow for harvesting much more power. Although the highly inspiring idea of the movie Interstellar to explore planets orbiting Kerr black holes is appealing, the conditions on Miller's planet of the film prove to be rather harsh. This could be expected: since the time dilation on the planet is about sixty thousand, the astronauts would receive signals from the distant outside arriving about sixty thousand times faster than emitted. Such a frequency shift must apply also to the cosmic background, making it much hotter. Nevertheless, with a suitably chosen orbit slightly farther from Gargantua, one can hope to find the sky conditions of the planet much closer to terrestrial. Here we derive the angular dependence of the frequency shift for an observer at a circular orbit around a Schwarzchild black hole. The frequency ratio between the locally observed and emitted frequencies of ray bundles g = ν obs /ν ∞ = p t /p t also corresponds to the ratio of the locally measured and emitted energies (time-components of photon four-momentum). Here and hereafter, the angle brackets in the index denote the local frame of the observer on the Keplerian orbit. The source intensity divided by the third power of the frequency is conserved as a Lorentz invariant.
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Moreover, Planck's law describes the black body radiation as having a spectral intensity in frequency proportional to ν 3 /(e hν/kT − 1), where T is the source temperature, ν the frequency, h the Planck constant and k is the Boltzmann constant. Therefore, the black body spectrum of the background radiation will be locally observed as a black body spectrum with a temperature multiplied by the factor g related to a particular ray bundle. Naturally, the bolometric intensity amplification of ray bundles coming from distant universe is given by the fourth power of g. Here, as usual, the bolometric intensity corresponds to the the total flux of radiation at all wavelengths per the solid angle (in W·m −2 ·sr −1 ). Using the (− + ++) signature, geometrical units (c = G = 1), and common Schwarzchild coordinates (t, r, ϑ, ϕ), the spacetime metric can be expressed in the well-known form
As derived in various textbooks (see, e.g. Ref. 19, p. 200 or Ref. 18, p. 29) , the four-velocity of an observer in the equatorial plane ϑ = π/2 with constant r has two non-zero components
where τ is the observer's proper time. Moreover, the circular trajectories obey the Kepler's law (again, see, e.g. Refs. 18, 19 )
The normalization condition u obs · u obs = −1 then leads to
and, consequently
Analogically 18, 19 , for a stationary observer hovering at the same constant r the only non-zero four-velocity component reads as
The orbital speed v of an orbiting observer with respect the stationary one at the same r is determined by the Lorentz γ-factor γ = 1 − v 2 −1/2 :
For an observer following the innermost stable circular orbit at r = 6M we get v = 1/2. The frequency shift of a photon coming from infinity includes r-dependent gravitational blue-shift (that would be detected also by a stationary observer) and a kinematic Doppler shift determined by the orbital velocity v and the direction of light propagation. The gravitational blue-shift is described by the well-known formula 18, 19 
where ν ∞ is the photon frequency in infinity and ν stat is the frequency detected by the stationary observer at r. From the Doppler-shift formula 18, 19 we obtain
where α ′ is an angle between the observer's velocity and the direction of light propagation measured in the observer's frame of reference. Combining Eqs. (A10) and (A11) we come to the final formula for the frequency shift detected by an orbiting observer
(A12) The case of the innermost stable trajectory with r = 6M is shown in Fig. 3(a) . Using in Eq. (A12) r = 6M and cos α ′ = ∓1, we obtain g − = 3/ √ 2 ≈ 2.12 for photons striking the observer at the innermost stable trajectory from ahead (i.e., the value mentioned in Sec. IV A), and g + = 1/ √ 2 ≈ 0.71 for photons arriving at the same observer from the rear.
Alternatively, the result can be derived from the photon four-momentum p ph . The photon energy detected by an observer with a four-velocity u obs reads as
Because of the symmetries of the Schwarzschild metric, two quantities are conserved along light ray orbits in the equatorial plane, namely
The quantities are connected with the photon's angular momentum L ph and energy E ph at infinity. From the normalization condition p ph · p ph = 0 it follows
For the photon in the equatorial plane these are the only non-zero four-momentum components. Because of the space-time symmetry, for a photon coming at an angle α seen by the stationary observer at constant r, substituting from Eqs. (A16) and (A6) into (A13) the photon momentum can be written in the form 
After some algebraic manipulation we again come to Eq. (A12).
where γ ≡ (1 − β 2 ) −1/2 . For such an observer located in the close vicinity of the event horizon, the factor g varies depending on angular coordinates in the local sky, as a result of interplay between extreme gravitational lensing and optical effects of special relativity caused by the orbital motion of the Keplerian frame. In principle, applying the relations discussed above, it is possible to construct the so-called critical loci curve, which forms a boundary between a projection of a distant universe and a shadow of the black hole in the local sky. 31, 32 To avoid significant analytical difficulties associated with such an approach, we used our relativistic ray-tracing code LSDplus, which performs a time-reverse direct numerical integration of the equations (B2) 25, 33 . The projection of black hole shadow on the local celestial sphere corresponds to rays coming to the observer from a very close vicinity of the event horizon. The most blue-shifted rays coming from distant universe are projected near the right side of the shadow edge and around the celestial equator (see Fig. 3 ). The shadow edge corresponds to rays tightly passing or just leaving the boundary of black hole photosphere.
34
Therefore the ray-tracing code must integrate photon trajectories as accurately as possible in order to precisely distinguish between the extremely blue-shifted rays coming from infinity and the rays leaving the photosphere. The Runge-Kutta method of the eighth order (Dorman-Prince method) 35 used here integrates the null geodesics with the very satisfactory relative accuracy of 10 −15 , which, in the case of a central black hole with stellar mass, corresponds to the order of accuracy of 10 −11 metres in the radial coordinate 25 . Moreover, the code LSDplus allows one to focus on arbitrarily chosen and arbitrarily sized rectangular part of the local sky in the Mollweide projection (see Fig. 4 ) with resolution limited only by the size of computer memory. We have used the screen resolution of 4000 x 2000 pixels.
The techniques described above allow one to trace the location of the shadow edge with a high precision (see Figs 3, 4) . The relativistic frequency-ratio factor g given by (B7) for ray bundles coming from distant universe is calculated by the code as well.
